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CONTINUUM- WISE EXPANSIVE HOMEOMORPHISMS ON PEANO 

CONTINUA 

o 

S ' JANA RODRIGUEZ HERTZ 

^O ^ Abstract. On a Peano continuum, all local stable and unstable components of a continuum- 

^"O , wise expansive homeomorphism are non trivial. In particular, there is sensitive dependence 

on initial conditions. This generalizes results in |H]|L] about lack of Lyapunov stable points 
(weak sinks) and existence of non trivial stable and unstable components for expansive 

Xjl ' homeomorphisms on Peano continua. 

^*\ , We also use this fact to generalize a result in IKTTI : a Peano curve X admitting a 

continuum-wise expansive homeomorphism is nowhere rim-countable. However, it is not 

rS^ ' resolved the question of whether such a dynamics could be possible in a locally planar Peano 

_j curve. Some other questions are posed. 

A homeomorphism / of a compact metric space (X, d) is continuum-wise expansive (cw- 
expansive) if there exists a constant a > such that sup„ eZ diam /"(C) > a for all non 
trivial continua C. This notion was introduced in [K], and is a generalization of expansive 
homeomorphisms: those verifying, for some fixed a > 0, that sup n6Z d{f n {x), f n (y)) > a for 
j^i ' all x 7^ y. Both notions are topological invariants. Examples of cw-expansive homeomorphisms 

that are not expansive are non-expansive homeomorphisms of totally disconnected spaces. 

We shall use the following notations: for e > we define the local stable and unstable set of 
x, respectively, as: 

W°(x) = {y G X : sup d(f n (x)J n (y)) < e}; W?{x) - {y G X : sup d(f- n (x), /""(y)) < e} 

f^) ■ neNo n£N 

These sets are important in analyzing and classifying expansive dynamics, though in the case 
of cw-expansive homeomorphisms, it seems more reasonable to study the stable and unstable 
component of x, that is: 

CW°(x) = cc(W°(x),x) a = s,u 
We obtain the following result for cw-expansive homeomorphisms acting on Peano continua: 



Theorem 0.1. Iff is a cw-expansive homeomorphism on a Peano continuum, X , then for each 
e > there exists 8 > such that inf^gx diam CW°{x) > S for both a = s,u 

We recall that a Peano continuum is a locally connected continuum. In particular, we have: 

Theorem 0.2. Cw-expansive homeomorphisms on Peano continua have sensitive dependence 
on initial conditions. 

In E ll .11 sufficient conditions are found for a point in a general compactum to verify CW e s (x) ^ 
{x}. No example of a cw-expansive homeomorphisms of a Peano curve is known; and, in fact it 
is an open question whether there is a Peano curve admitting an expansive homeomorphism. In 
KTT] it was shown, by using techniques in JHJ[E] that a Peano curve admitting an expansive 
homeomorphism is nowhere planar, nowhere rim-countable and consists of a finite number of 
cyclic elements. We obtain here a cw-expansive partial version of this: 
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Theorem 0.3. A Peano curve admitting a cw-expansive homeomorphism is nowhere rim count- 
able. As a consequence, it consists of a finite number of cyclic elements. Also, there are at most 
countably many local cut points, and every open set contains a simple close curve. 

We must remark, however, that the following question remains open 

Question 0.4. Is a Peano curve admitting a cw-expansive homeomorphism nowhere locally 
planar? 

Observe that obtaining non trivial stable and unstable components is not enough to apply 
techniques in KTT], because in cw-expansive dynamics there is not much information about 
the sets CW^(x) (~l CW"(y), except that it is a totally disconnected set, and hence no local 
product structure should be expected a priori. 

We also state the following questions: 

Question 0.5. Is CW°(x) locally connected for cw-expansive homeomorphisms acting on a 
Peano continua? 

This question has not been answered yet, even for expansive homeomorphisms on manifolds. 

Question 0.6. let X be a Peano continuum and f an expansive (cw-expansive) homeomor- 
phism. Is dmi x X constant over X? Maybe it can help considering a transitive f. 

Question 0.7. Let X be a continuum and f an expansive (cw-expansive) homeomorphism. 
Does every sink belong to some W s (p), with p periodic? (Look at 0/ or a definition of sink) 
The point p is not necessarily a sink, see Example in §Q 

Question 0.8. Let X be a continuum, and f an expansive homeomorphism. Are sinks and 
sources points of local connectedness of X? 

Acknowledgements. I thank Ed Tymchatyn for kindly answering some questions. 
1. Stable and unstable components 

A point in a compact metric space X is called a weak sink or, equivalently, a Lyapunov stable 
point if W^(x) is a neighborhood of x for each e > 0. A weak sink a; is a sink if, moreover, 
Wj?{x) C W s (x), that is, if all points y <E W'(x) verify that d(f n (x), f n (y)) — > when n^oo. 
Sources and weak sources arc defined analogously. Let us mention that in the literature it is 
usually required that sinks be periodic, this notion is more general. 

Observe that, in an expansive setting, weak sinks are sinks, and this fact still holds for cw- 
expansive homeomorphisms on Peano continua. A map / has sensitive dependence on initial 
conditions if there are no weak sinks on X. 

In this section Theorem 10.11 is proved. It is a standard fact that a non-wandering sink is 
periodic. Indeed, the proof follows as in an expansive setting for any compact X. We shall see 
that, moreover, weak sinks are always sinks and non- wandering in a Peano continuum. This, 
together with the fact that sinks form an open set, ends the proof of Theorem l0.2l 

Theorem 10. II follows by considering the connected component of the set W^ n (x) (see below) 
that is mapped into Bs(f n (x)) by /". This is a connected neighborhood of x that must meet 
the boundary of W" n (x), for otherwise a source would appear in u>(x). 

Proposition below states that each continuum of diameter e > becomes a-distinguishable 
in at most N e forward or backward iterates, for some constant N e > depending on /. This 
statement follows from compactness of X. 

Proposition 1.1. For all s > there exists N 6 > such that max diam/"(C) > a for any 

\n\<N e 

continuum C satisfying diamC > e. 
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Let us define: 

Wl n (x) = {yeX:d(r(x)J r (y))<£ r = 0, . . . , n} and CW« n (x) = cc(W e s >n (x), x) 
We have, as an immediate corollary of Proposition ll.il 
CORROLLARY 1.2. For all x G X and < e < a/2 we have, if n > N e , that: 

(1) f»(CWZ /2 (x)) c cwarix)) 

(2) CW°(x) cW s (x) 

(3) CW£(x) = cc(W' /2 (aO n ^ n (x),x). 

(4) x is a sink <^> CW°, 2 (x) is a neighborhood of x. 

Indeed, C n — f n (CW^, 2 (x)) is a continuum satisfying diam/ fc (C„) < a for all \k\ < N £ , 
hence diamC n < e. To see the less trivial inclusion D in Item^l, take D n = cc(W^, 2 (x) n 
W* n (x),x). Then on one hand D n c CW E s n (x), while, in view of ItemHJ f n (D n ) c CW e s (/ n (a;)), 
so b„ c CW e s (x). n 

Observe that all statements in Corollary II. 21 hold in a general compactum X, except, in prin- 
ciple, => in Item 0J See Question lO.81 

Proposition 1.3. Let X be a Peano continuum and f a cw- expansive homeomorphism. Then 
the set S of sinks is an open set, and S n fi(/) consists of periodic points. 

Proof. Let x be a sink, and take a connected open neighborhood of x, U C CW^, 4 (x). Then 
U consists of sinks. Indeed, triangular inequality implies U C CW^, 2 (y) for all y E U, hence 
from item m in Corollary above, we get U consists of sinks. This shows the sets of sinks is open. 
Assume now that x is non-wandering, and take M > N a / A so that f M {U) D U ^ 0. But 
f M (CW^, 2 (x)) is contained, by Corollary above, in CW*u(f M (x)), so choice of M implies 
that f M {CW s a/2 {x)) is in fact contained in CW s a/2 {x). Now, as diam/ fcM (CM^ /2 (x)) -> 0, we 
have p| fe / (CW^/ 2 (i)) must consist of only one (periodic) point. But there is at most one 
non-wandering point in CW 8 i 2 (x), hence x is periodic. rn 

The non existence of sinks will be proved by showing that all sinks are, in fact, non- wandering 
in the presence of local connectedness. We see that the basins of attraction of all sinks f~ n (x) 
contain a ball of uniform radius. Being f~ n (x) infinitely many would imply they "collapse", 
hence x would be, in fact, periodic by arguments in previous Proposition. Indeed, basins of 
attractions cannot shrink too much in the past, or else one would obtain a continuum not 
satisfying Proposition ll.il 

Proposition 1.4. In a Peano continuum X , all sinks are non-wandering, hence periodic. 

Proof. There exist p > and N > verifying cc(B p (f- n (x)), f~ n (x)) C CW^ /2 (f- ,l (x)) 
for all n > N. Indeed, let e > be such that B e (x) C CW^, 2 (x), and consider p > so 
that B p (y) C W £ s NE (y) for all y e X. Observe that W e 8 jn (/-™(x)) C CW s a/2 {f- n {x)) for 
all n > 0. If we had cc(B p (f- n (x)),f~ n (x)) £ WlJf- n (x)) for some n > 2N E , then the 
continuum D = cc(B p (f- n (x)) n W e s , n (/ _ ™0)), /""(*)) would satisfy D n 9^„(/- n (i)) ^ 
0, hence di&m f k (D) = e for some k > N s . This would contradict Proposition 11.11 since 
diamP+ k (D) < a for all \j\ < N e . So cc(B p (f- n (x))J- n ) C WlJf- n (x)) for all n > N s , 
and the claim follows. 

Given 7 > 0, take n > m > N 7 so that f-' m (x) 6 cc(B p (f- n (x)), f~ n {x)). Corollary OIT1 
implies f n ~ m (x) G CWJj(x), and hence x e u(x). q 

In case X is a Peano continuum we obtain, by putting together Propositions !! .31 and II .41 that, 
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were the set of sinks not empty, there would be an open set of periodic points. In particular, 
there would be two different periodic points in the same basin of attraction. This proves 
Theorem KOI 

Non triviality of stable and unstable components follows now from this fact. However, 
sensitivity to initial conditions is not enough, in a general continuum, to guarantee that these 
components are nontrivial. Example in Sj^l illustrates this. 

In order to prove Theorem lO.il it will be seen that CW£ n (x) fl dBg(x) ^ for all n > K. 
The proof follows then from the fact that CW£ n (x) is a decreasing sequence converging to 
CWI{x). 

Let D n = cc(Wl n (x)nf- n (B s (P(x))),x), where 8 > verifies B 5 (y) C WZ Nt {y)nW? tNt (y) 
for all y £ X. Observe that D n n dW* n (x) is not empty for all sufficiently large n > 0. Indeed, 
there exists K > 2N 6 such that cc(B s (f n (x))J n (x)) £\ / n (W* n (a:)) = W^ n {f n (x)) for all 
n > K, for otherwise u>(x) would consist of sources. 

Hence for all n > K there exists some < k < n such that diam/ fc (Z?n) = e. From this it 
follows that k < N £ since, by choice of 6, k < n — N e ; and by Proposition II. II fc ^ [JV e , n — N e ]. 
Choice of 6 again, implies D n n dB$ (x) is not empty. r- 1 



1.1. Sufficient conditions in general compact sets. The following propositions are valid 
for a cw-expansive homeomorphism / of a compact metric space X. 

Proposition 1.5. If x is a sink such that a(x) contains a point of local connectedness, then x 
is periodic. 

Proof. Let z = linife f~ nk (x) £ a(x) be a point of local connectedness in a(x), and let us find 
p > such that cc(B p (z), z) C CW s a/2 {f- n «{x)) for all k. 

The proof follows as in Proposition 11.41 considering, for all f~ nk {x) £ cc(B p (z), z), the 
continuum D = cc{B p (f- n «) nWUf~ nk (a:)), f~ nk (x)). n 

Related to next Proposition is the second example in ^\ which shows there can be an open set 
of points verifying W£ (x) — W"(x) = {x}, even if X is a continuum. 

Proposition 1.6. For each e > there exists S > such that if lu(x) contains a point of local 
connectedness, then either x is a periodic source or diamCW/fs) > 5. 

Let z = linifc f nk (x) be a point of local connectedness of uj(x) and let S > be as in the 
proof of Theorem lO.il If there is a subsequence such that CBs(f nk (x)) (/L W e s „ fc (/™ fc (a;)), then 
CW^(x) is not trivial. The proof is as in Theorem lO.il Moreover, diam CW^x) > S. 

Otherwise, z is a source verifying CBg(z) C W"(z). Argument in Proposition 1 1.41 shows z is 
periodic. Since z £ u>(x) there exists f n (x) £ CW^(z). Being z a source implies f n (x) = z. rj 



2. Cw-EXPANSIVE HOMEOMORPHISMS ON PEANO CURVES 

I thank R. Ures the suggestion of the following: 

Proposition 2.1. If X is a Peano continuum admitting a cw-expansive homeomorphism, then 
for each x £ X: ord(x) = 2 N °. That is, X is nowhere rim-countable. 

Proof. Let x £ X, < e < a/4 and consider U a connected neighborhood of x such that 
U C B$(x), where < S < \ \ni we x diam CW" (w) . Call s = cc(W/(a;) fl U,x), and consider, 
for all z £ dU the closed set B z — s fl CW^(z). B z has empty interior in the topology of s, due 
to cw-expansiveness. But s = [J ze guBz- If dU were countable then s would be a countable 
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union of closed sets with empty interior, which is absurd. r— i 

As a consequence of this, we can also conclude: 

Corrollary 2.2. If X is a Peano curve admitting a cw-expansive homeomorphism, then (1) 
All points in X belong to a continuum of convergence. (2) Every open set of X contains a 
simple closed curve. (3) The set of local cut points is at most countable. (4) X has a finite 
number of cyclic components. 

(1) For any x € X and e > 0, there is a sequence x n £ CW^(xq), with x n —fx such 
that {CW"(i„)}„> is a pairwise disjoint collection. The Hausdorff limit of CW^(x n ) is a 
non trivial continuum containing xq. (2) The existence of a neighborhood basis {K\(x)} of a 
point x, such that each K\(x) is a dendrite, would imply £ is a regular point, so each open 
set contains a close curve. Item (3) is implied by results in [W]. Item (4) is shown as in |KTT) .r-| 



3. Example 

This is an example of an expansive dynamics in a continuum X , with sensitivity to the initial 
conditions, but not verifying the result stated in Thcorcm lO.il In this example, moreover, there 
is an open subset O C X such that all points in O verify that W£(x) = W"(x) = {x} 

Let us consider the following example, introduced in RR : Take a linear Anosov automor- 
phism / on T 2 , and choose a fixed point p ET 2 . Choose a stable and an unstable separatrix of 
p, say W+(jp) and W"(p). Lift copies p, W+(p), and W"(p) ofp, W+(p) and W"(p) respectively, 

in R 3 , so that p £ W+(p) (~l W"(p) and W+(p) be asymptotic to W+(p), a = s,u. Extending 
/ continuously to this new set, gives an expansive homeomorphism F. Observe that F is an 
example of an expansive homeomorphism on a continuum, having sinks and sources, none of 
which is periodic. See Question 10. 71 

Take now any small perturbation of F at p, say G, so that there are no fixed points in 

O = W+(p) U W+(p), and so that ui(x) U a(x) C T 2 for all points in O. G is an expan- 
sive homeomorphism on a continuum with sensitive dependence on initial conditions; however, 
W°{x) = W£{x) = {x} for all x in O. 
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